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Using an asymptotically exact reduction method based on Fourier expansion and spatiotemporal 
re-scaling, a new integrable system of the nonlinear partial differential equation in (2+1 ̂ d i­
mensions, extended Davey-Stewartson I equation, is deduced from a known (2+l)-dimensional 
integrable equation. The integrability of the new equation system is explicitly proved by the 
spectral transformation. Actually, the corresponding Lax pair of the new equations can be obtained 
by applying the same reduction method to the Lax pair of the original equation.
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1. Introduction

Finding new integrable models in (1+1)- or in 
higher dimensions is one of the important topics in 
the nonlinear science. Various powerful methods have 
been developed to deal with this problem. For in­
stance, many finite dimensional Hamiltonian systems 
(ordinary differential equation (ODE) systems) can 
be obtained from symmetry constraints of the (1+1)- 
dimensional integrable partial differential equations 
(PDEs) [1 - 6]. Some types of known (l+l)-d im en- 
sional integrable models can be similarly considered 
as the constraints of some (2+l)-dimensional inte­
grable equations [7, 8]. Some special types of higher 
dimensional integrable models can be found by us­
ing the (l+l)-dimensional strong symmetries [9], the 
conformal invariance of the Schwartz form of the 
known lower dimensional integrable equations[10], 
the general Virasoro symmetry algebras [11] and the 
non-invertible deformation theory [12], etc.

Many integrable systems which have the same di­
mensions as those of the original models can be ob­
tained by using the asymptotically exact reduction 
method (AERM) based on Fourier expansion from 
some known integrable equations (such as the Ka- 
domtsev-Petviashivilli (KP), (2+l)-dimensional Ko- 
rteweg de Vries (KdV) and the Nizhinik-Novikov-

Veselov (NNV) equations). It is clear that, from the 
AERM, the integrability is inherited through a limit 
technique [13, 14]. Thus the AERM provides a pow­
erful tool not only to investigate the integrability of 
known equations but also to derive new integrable 
models likely to be relevant in applicative contexts. 
The method can also be used to construct approximate 
solutions for weakly nonlinear ordinary differential 
equations [15].

In this paper, we would like to apply the AERM 
proposed by Calogero and Maccari [13], to a (2+1)- 
dimensional integrable system which is solvable by 
the inverse scattering method. A new (2+1 )-dimensio- 
nal system, extended Davey-Stewartson I equation, 
which is integrable under the same meaning can be 
obtained.

The basic idea of the AERM is to consider the non­
linear evolution PDE in the following way: Firstly, 
one linearizes the nonlinear PDE to obtain a lin­
earized equation, i.e., the equation obtained after 
neglecting all the nonlinear terms of the nonlinear 
PDE. As we know, the linear equation can be best 
described in term of Fourier modes which have a 
constant amplitude and a well-defined group veloc­
ity V  = (Vi( K i , K 2) i V2( K \ , K j))  depending on the 
wave numbers K \ , K 2. The group velocity represents 
that a wave packet peaked of Fourier mode would
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move in configuration space. Secondly, to evaluate 
the weak nonlinear effects, we consider the specific 
Fourier mode and introduce the following frame of 
reference via the transformation:

£ = ep(x -  Vi*), 77 = ep(y -  V2t), r  = eqt\ (1)

p, q>  0 , and e is the sufficiently small expansion pa­
rameter. The modulation of the amplitude of that 
Fourier mode (that would remain constant in the lin­
earized equation) is taken place. The amplitude of the 
Fourier mode is dependent on space and time, and 
then on the re-scaled variables £, 77, r  that account for 
the need to look on larger space and time scales and 
to derive a non-negligible effect from the nonlinear 
terms.

Generally, as pointed out by Calogero et al. [16], 
the AERM can be used to any nonlinear partial dif­
ferential equations (PDEs), no matter whether they 
are integrable or not. In Calogero’s philosophy, the 
method will preserve the integrability, i. e., if the orig­
inal model is integrable then the reductions of the 
model will be integrable also. In (l+l)-dimensions, 
the models obtained in this way are always of Nonlin­
ear Schrödinger type [16] while in (2+l)-dimensions 
the models obtained from the AERM are of Davey- 
Stewartson (DS) type [14, 15]. More details on the 
method and the generic properties of PDEs for which 
the method seems applicable can be found in [16] for 
(l+l)-dimensional PDEs and in [14, 15] for (2+1)- 
dimensional PDEs.

2. A New Nonlinear PDE from a (2+l)-integrable 
System

We consider the (2+l)-dimensional system that is 
integrable by means of the spectral transform

Ut - U xxx- 6 ß U U x - ^ a 2ß U 2Ux + 3W y+3aUxW

=  0, (2)

W x =  U y , (3)

where U = U(x, y , t ), W  = W (x, y, t ), the subscripts 
represent differentiations with respect to variables 
x , y, t, and a, ß  are some real parameters. Equations 
(2) with (3) may be called generalized modified Ka- 
domtsev-Petviashivilli equation (GMKPE). The lin­
ear dispersive part (2) can be described by the Fourier

modes, while the dispersion relation and the group 
velocity read

U> =  * ?  +  ^ ,  ( 4 )
-ft 1

K , = 3 t f ? - | p 2 = 6 § .  (5)

The envelope of a wave packet concentrated around 
a value K  travels with constant group velocity (5) 
and slowly disperses. After neglecting the last term 
of (2), the model can be derived in many real physics 
fields like plasma physics [17], fluid physics [18], 
solid state physics [19], lattice dynamics [20] and 
physics of ferromagnetic materials [21]. Usually, to 
consider the weak nonlinear effects, it is sufficient 
to consider the term ß U U x. However, in some spe­
cial types of physics problems, the coefficient of the 
lowest order nonlinearity is so small that the next 
order of nonlinearities like U2UX and UXW  has to 
be included. The term U 2UX has been really derived 
from many physics fields [1 7 -2 1 ] while the introduc­
tion of the term UXW  suggested by Konopelchenko 
and Dubrovsky is to guarantee the integrability of the 
model.

We use a formal asymptotic Fourier expansion

n=+oo
U ( x ,y , t )  = ^ 2  e7n^ n (£ ,77,T;e) (6)

n = —00

• exp[in(K \x  + K 2y  -  cot)],

where 7n = y/n when n ^  0 , 70 = r  is a rational 
number to be determined later and ipn(£, 77, r; e) = 
V>n(£, V: T* because U (;c, y, t ) is real. The limit of 
V’n(C) Vi r » 0  f°r e—> 0 exists and is finite. The ana­
logue of W ( x , y :t) is

n=+oo

W ( x , y , t ) =  77, r; e) (7)
n = —00

• exp[m(Ä'i£ + K 2y — u;£)].

It is clear in the Fourier expansion (6) that 
'ipnd, 77, t ;  e) depend on the parameter e. Moreover, 
^n(£, Vi T*€) can be expanded in a power series of e, 
i.e.,

OO

i/’nCCV, t ; e) = ^ 2  e(tVn(C, (8)
i=0
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For simplicity of the following calculation, we in­
troduce the abbreviations = ipn ( for 0,1),
< >  = 9 ,  V>o0) = (and = 4>n, (for n 4  0 ,1 )

The final goal is to get the evolution equation of 
the modulation amplitude = »£(£, rj, r) and to know 
how it is to be modified by selecting different wave 
numbers.

The standard procedure of the reduction method 
is to consider the different equations obtained from 
the coefficients of the Fourier modes exp(in(K \x  + 
K 2y  — cot)). Substituting (6) and (7) into (2) and (3), 
we obtain

F2 = 3 i (2 ß K x -  a K 2)&2 + o(ep). (15)

6  = —  & <ĵ p) = * ( — 7/;(0) — | (9)
0  K i  n K \  \ K i  * V n v h  W

^  = (  x H *  _  * & )  ’ ^  = (10)

For (2), it is more convenient to separate the con­
tributions from the linear and nonlinear parts. Then
(2) can be rewritten as

e7n Dn'ipn = e2 Fn, (11)

where D n is a linear differential operator acting on 
ipn(£,i Vir X the corresponding expression of D n is

D n = —inco+€qdT — V\€pd$ — V2epdv — (in K i+ e pdf )3

+ m K 2 + ^ ) (  | + ^ A - ( | a £ - 3 , )

c2p

+ f a ’ “  ^ 3« ) ) +0(e3p)’ (12)

and Fn represent the contribution of the nonlinear 
part. It is easy to find that Fn ( n  = 0 ,1 ,2 )  have the 
following explicit expressions

F0 = 6 ( ß -  a - ^ ) ( | « f  )f e” + 3a(|!P|2),e»+  o ^ 2),

(13)

F\ = 6 ß ( i K ^ * ^ 2e + i K l 'Po'Per- 1)

+ ^ i a 2Ki\\P\2\Pe — 3 a { iK 2^* ip2e 

+ iKi<P'Per~ l + o(ep+r-1, e2p),

(14)

In order to make the proper balance of terms, we 
choose p = \ , q  = 2 , r  = 2 and then calculate for 
n = 0, n = 1, n = 2. The evolution equations about 
the functions \P, tf'o satisfy

- V 1«'o,£ - V 2!fo,, +  3 ^ ,  +  3 a |S '|2

+ 6 ( ß - a ^ ) m l = 0

® T +  ( 2 J f l + 3 ^ ) % - 6 | | ^ ,

(16)

with

2 ,  2 ß 2 K 2

N = r 2 K ' + i  a2T f + 6 k - 6 a ß i r r

X = W K l%  +  N \ V \ \

and

(0 ) _ ( ß  a K 2 \ r ,2
2 \ K 2 2 K \ )

(18)

(19)

For the simplicity of (16) and (19), eliminating %  
from (18), we have

X , = 6 / 3 K , ^  + J V ^ |2 , (20)

^ lX {{  +  V2Xir, -  3Xi)>| =

(-36Ktß2 + 36aßK2 + NVt)\^\l( (21) 

+ (NVi - \% a ß K l) m \ n - i N \ ^ \ 2m

Thus, (17), (20), and (21) are a (2+l)-dimensional 
system for three counterparts and tf'. It is in­
teresting that, if we take a  = 0, ß=/ 0 or a ^  0, ß  = 0 
in (17), (20) and (21), and make trivial re-scaling, 
we get the Davey-Stewartson I equation that has wide 
applicative relevance in plasma physics, nonlinear op­
tics, etc. It is known that the DSI equation possesses 
dromion like solutions which decay exponentially in 
all directions [22, 23]. Another type of DS equation 
(DS II equation) had been extended by Maccari in 
1999 [14]. The DS II equation possesses only lump
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type localised solutions which decay algebraically in 
all directions [24]. Moreover, we can obtain the (1+1)- 
dimensional NLS equation if £ = rj.

Comparing (17), (20) and (21) with the standard 
DS I system we see that the essential difference be­
tween the extended DSI and the standard DSI models 
is the entering of the second mean flow field <P caused 
by the higher order nonlinearities (a  =/ 0). In other 
words, the entering of the second order nonlinearities 
will offer an additional mean motion for the solitary 
waves of the DS system which may describe the soli­
tary waves in many real physics systems like plasma 
physics [17], fluid physics [18], solid state physics
[19], lattice dynamics [20] and physics of ferromag­
netic materials [21]. In general the nonlinear term 
ßU U x is much larger than the higher term a U 2Ux, 
and the mean motion is mainly caused by the filed x- 
However sometimes ß  may be very small. In that 
case the higher order nonlinearity terms have to be 
included in the mean motion.

For a  j- 0 and ß  4  0 in (17), (20) and (21), we take 
the following re-scalings:

c, _ ol , _ 1 , _ r
5 l y / l ß  V f ' T A ', ’

V  = y[\~N \K M  X' = Ki X,  #  = —3a K \ $ ,  (22) 

and derive the simpler form of the new system 

i&T +  L i #  +  x #  +  = 0,

l2 X  = £ j | S f ,

* e  =  X , ± M $ .  (23)

where

a2 + b 2 d2 d2 d2 
1 = _ 4 ~ ^  +  a d t f v  +  d t f '

_ b2 — a2 d2 d2 d2 
2 ~ 4 d ?  a dtfri dr,/2 ’

. { b 2 — a2 2(a — l)b2 \  d2
3 = V~ ~ 4 ~  + (a -  2)2 + b2 )  d ?

/  2 b2 \ d2 d2 
(a — 2)2 + b2 / d£,dr] ^  drj1

with

OcJS-2 , OcK\
a  =  W l ' b =  — -

$  = r7, r) is complex, $  = <£(£, 77, r) and x = 
* ( f , V, r)  are real.

The equations (23) obtained from an (2+1) inte­
grable equation by the inverse scattering method is 
the general DSI equation. In the next section, the in- 
tegrability of the new system will be identified.

3. The Lax Pair of the New System

We can find that the Lax pair of the original equa­
tion has the form

L = idy+dx - iaudx+ ß u , Lip(x, y, t ) = 0, (24)

•5 9 2 '•y
A = —4dx + 6 ia u d x -  3ß u x + - i a ß u  + 3iß w  

2
+ 3 iau xdx + - a 2u2dx — 6 ßudx (25)

+ 3a w d x(pt(x, y , t) + Aip(x, y, t ) = 0 .

In order to demonstrate that the new system is inte­
grable by means of the spectral transform, we also 
apply the reduction method to the Lax pair (24) and 
(25), identifying the Lax pair that permits one to get a 
compatibility condition which reproduces the Equa­
tions (23).

Similarly, we can introduce the asymptotic Fourier 
expansion of ip

n=+oo
(p (x ,y , t )=  ^ 2  e7" </>«(£, *7, 7", e) (26)

n = —00

• exp + z(Ai:r + A2y + A3<)^,

where n is odd, z = K yx  + — wt, 7n+2 = 1 + l n, 
7 _ n = r n (when n >  0), Ai, A2, A3 are constants to 
be determined later on, and (pn(€, Vi r > e) *s dependent 
on e.

Inserting the expression of ip(x, y , t ) into (24) and 
(25), we obtain a series of relations which are gener­
ated by the coefficients of the Fourier modes. Obvi­
ously, each relation should be valid for a given order of
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approximation in e. In particular, for the fundamen­
tal harmonics <p±(x,y ,t) =  ip±i(x, y, t)  in 4>, from 
terms o(e°) in (24) and (25), we can determine the 
constants Ai, A2, A3:

' 2 K \  ’ 2 4 4Ä'2’

where

(27)

The new spectral problem is given from the successive 
order e in Equations (24).

i(p+tV +  i ( K i  ~

+ ( /J- Q( ^  + f ) W - = 0

(28)

We obtain the above equations from the same order e 
in (25). In order to get other equations of the Lax pair 
of the new (2+l)-dimensional system (17), (20) and
(21), we must take into account the next order (e2) of 
approximation of (25). The appearing new quantities, 
the corrections <p±(£, r7, r) of ordere to the fundamen­
tal harmonics < p ± ( £ ,  77, r ) ,  can be eliminated in (25) by 
taking advantage of the relation obtained from (24) in 
the terms of the order e2. After a tedious calculation, 
finally, we can obtain the following Lax pair

L<p = 0, <pT + A.(p = 0 (29)

’ y/2(a-2)*+2b*

a ,  -  ^

(30)

(31)

ai3^ + Ü2X + O3 j 1^|2 + 04$  «5*^3$ + <26 +  a-j^v 

64^  3  ̂ +  +  67^^ bydg +  &2X +  +  b4 $

ib2 . a(a + 6)(a — b — 2)
4b

a 3 = —z-
. ((a — 2)2 — 62)(a3 — 2a2 — 2 ab + aö2 — 2b2)

4b2((a — 2)2 + b2)

. a(a — b — 2) (a + b)(a + 6 — 2)
04 = Z------ ^ 5 ------ , G.5 =

262 2 \ j2 (a  — 2)2 + 262 ’

a(a + 6 — 2) a + b — 2
a 6 = ----- /_=------- = =  ====, 07 =

\ / 2 (a — 2)2 + 262 ’ y/2(a  — 2)2 + 262 ’

—z
61 = "2“(2a2 + 2ab + 62), 62 = —z + a2, 63 = <13,

64 = (I4 — z, 65 =
(3a + ft)(ft + 2 -  a) 

2 \ j2 {a  -  2)2 + 262 ’

a(6 + 2 — a) 2 + & — a
06 =  -  /■ , =  ■ 07 =

2y/2(a  -  2)2 + 2&2 ’ ^/2(a -  2)2 + 2b2 '

The general DSI equation can be obtained from the 
consistent condition of the Lax pair

L r = [L ,A \ .  (32)

4. Summary and Discussion

By means of the AERM based on the Fourier ex­
pansion and spatiotemporal re-scaling, we obtain a 
new generalization of the (2+l)-dimensional DSI sys­
tem from a (2+l)-dimensional general modified Ka- 
domtsev-Petviashvili type integrable equation. Com­
paring the extended DSI equation with the standard 
DSI equation, an additional mean flow field is intro­
duced because of the higher order nonlinearity of the 
original model. It is found that the new DSI system 
is integrable under the meaning that it possesses Lax 
pair and then can be solved by means of the inverse 
scattering transformation approach.

The results of this paper show that the AERM based 
on Fourier expansion proposed by Calogero and Mac- 
cari is a powerful method to derive some new inte­
grable models from known ones. Mathematically, ev­
ery integrable model can be used as a source to obtain 
new integrable models by means of several reduction 
methods including the AERM. In principle one may
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use one method, say AERM, to obtain many inte­
grable models recursively from a known single one. 
In some special cases, the recursive will be ended, 
that means if one uses the obtained new model as 
a source, one may obtain only the original equation 
from [25]. However, in real physics application, it is 
not useful to use the obtained model as a new source 
to look for further approximate integrable models be­
cause the valid conditions of the approximations may 
be quite different. For instance, the valid condition to 
obtain the generalized DSI equation, one has used the 
“short wave” (envelope wave) approximation. How­
ever if we use the obtained DSI equation to obtain 
the GMKP equation one has to use the “long wave” 
approximation.

Calogero, Degasperis and Ji [16] had pointed out 
that in the (l+l)-dimensional case, the AERM always 
lead to the NLS type equations. A similar situation oc­
curs in the (2+l)-dimensional case, the AERM always 
leads to the DS type equations which describes effects 
of the weak nonlinearity on the linear Fourier modes.
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